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Abstract
We prove the parametric versions of Aλr (Ω)-weighted integral inequalities for differential forms
satisfying the A-harmonic equation. These results can be considered as extensions of the classical
inequalities for Sobolev functions.
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1. Introduction
The integral inequalities are widely studied and used in different fields, such as partial
differential equations, potential theory, nonlinear analysis, etc. They have been serving
as effective tools in studying the integrability of differential forms and estimating the
integrals of differential forms. The purpose of this paper is to establish parametric weighted
inequalities for solutions of the A-harmonic equation. The main results are inequalities
(2.3) and (3.1). Each of them contains two parameters that enable us to make different
choices to obtain the required version. As applications of the local results, we also obtain
global results, inequalities (4.1) and (4.3).
As usual, we use e1, e2, . . . , en to denote the standard unit basis of Rn for n  2 and
write R=R1. Also, we assume that ∧l =∧l (Rn) is the linear space of l-vectors, spanned
by the exterior products eI = ei1 ∧ ei2 ∧ · · · ∧ eil , corresponding to all ordered l-tuples
I = (i1, i2, . . . , il), 1  i1 < i2 < · · · < il  n, l = 0,1, . . . , n. The Grassman algebra
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X. Yuming / J. Math. Anal. Appl. 279 (2003) 350–363 351∧=⊕∧l is a graded algebra with respect to the exterior products. Given α =∑αI eI ∈ ∧
and β =∑βIeI ∈ ∧, the inner product in ∧ is defined by
〈α,β〉 =
∑
αIβI ,
where summation is taken over all l-tuples I = (i1, i2, . . . , il) and all integers l =
0,1, . . . , n. The Hodge star operator  :∧→∧ is defined by the rule 1= e1∧e2∧· · ·∧en
and α ∧ β = β ∧ α = 〈α,β〉(1) for all α,β ∈ ∧. The norm of α ∈ ∧ is given by the
formula |α|2 = 〈α,α〉 = (α∧ α) ∈ ∧0 =R. The Hodge star is an isometric isomorphism
on ∧ with  :∧l →∧n−l and  (−1)l(n−l) :∧l →∧l .
In this paper we always assume that Ω is a bounded domain in Rn. We use B to denote
a ball and σB is the ball with the same center as B and with diam(σB)= σ diam(B). We
do not distinguish the balls from cubes in this paper. The n-dimensional Lebesgue measure
of a set E ⊆ Rn is denoted by |E|. We call w(x) a weight if w ∈ L1loc(Rn) and w > 0 a.e.
Given 0 < p <∞ and a weight w(x), the weighted Lp-norm of a measurable function f
over E is denoted by
‖f ‖p,E,wβ =
(∫
E
∣∣f (x)∣∣pwβ dx
)1/p
, (1.1)
where β is a real number.
We all know that a differential l-form is a de Rham current on Ω with values in ∧l (Rn),
see [14]. Let D′(Ω,∧l) be the space of all differential l-forms and Lp(Ω,∧l) be the l-
forms ω(x)=∑I ωI (x) dxI =∑ωi1i2...il (x) dxi1 ∧ dxi2 ∧ · · · ∧ dxil with ωI ∈Lp(Ω,R)
for all ordered l-tuples I . Thus Lp(Ω,∧l) is a Banach space with norm
‖ω‖p,Ω =
(∫
Ω
∣∣ω(x)∣∣p dx
)1/p
=
(∫
Ω
(∑
I
∣∣ωI (x)∣∣2
)p/2
dx
)1/p
. (1.2)
We denote the exterior derivative by d :D′(Ω,∧l)→D′(Ω,∧l+1) for l = 0,1, . . . , n.
Thus, for every differential l-form
ω(x)=
∑
I
ωI (x) dxI =
∑
1i1<···<iln
ωi1i2...il (x) dxi1 ∧ dxi2 ∧ · · · ∧ dxil ,
we have
dω(x)=
n∑
k=1
∑
1i1<...<iln
∂ωi1i2...il (x)
∂xk
dxk ∧ dxi1 ∧ dxi2 ∧ · · · ∧ dxil .
The codifferential operator d :D′(Ω,∧l+1)→D′(Ω,∧l ) is given by d = (−1)nl+1 d 
on D′(Ω,∧l+1), l = 0,1, . . . , n.
Many interesting results have been obtained in studying differential forms and their
applications, see [1,3–6,11,12]. This paper can be considered as a continuation of a series
studies about the Caccioppoli inequality and the weak reverse Hölder inequality, which
were well developed in [1,6,11,12]. Specifically, we prove the parametric versions of the
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ential forms satisfying the following A-harmonic equation:
dA(x, dω)= 0, (1.3)
where A :Ω ×∧l (Rn)→∧l (Rn) satisfies the following conditions:∣∣A(x, ξ)∣∣ a|ξ |p−1 and 〈A(x, ξ), ξ 〉 |ξ |p (1.4)
for almost every x ∈ Ω and all ξ ∈ ∧l (Rn). Here a > 0 is a constant and 1 < p <∞
is a fixed exponent associated with (1.3). It is well known that the A-harmonic equation
is equivalent to an elliptic partial differential system, see [3] for calculations with the A-
harmonic equation for some special operators A. The solutions to (1.3) are elements of the
Sobolev space W 1,ploc (Ω,∧l−1) such that∫
Ω
〈
A(x,dω), dϕ
〉= 0
for all ϕ ∈W 1,p(Ω,∧l−1) with compact support.
2. The Aλr (Ω)-weighted Caccioppoli inequalities
Some interesting results about the Caccioppoli inequalities and their applications in
fields, such as differential forms, the A-harmonic equation, quasilinear elliptic operators,
and the calculus of variations, have been established recently (see [1,6,7,11,12]). In
this section, we obtain some parametric versions of the Aλr (Ω)-weighted Caccioppoli
inequality for solutions of the A-harmonic equation. The main result in this section is
Theorem 2.4, which contains some existing results in [6,11,12] as its special cases.
Definition 2.1. A weight w(x) is called an Aλr (Ω)-weight for some r > 1 and λ > 0 in a
domain Ω , write w ∈Aλr (Ω), if w(x) > 0 a.e., and
sup
B
(
1
|B|
∫
B
wdx
)(
1
|B|
∫
B
(
1
w
)1/(r−1)
dx
)λ(r−1)
<∞ (2.1)
for any ball B ⊂Ω .
The above Aλr (Ω)-weights are introduced by Ding in [4], where the author obtains the
Aλr (Ω)-weighted Poincaré inequalities for differential forms. Note that A1r (Ω) = Ar(Ω)
is the usual Ar(Ω)-weights which have been widely studied, see [8] for more properties of
the Ar(Ω)-weights. We will need the following generalized Hölder inequality.
Lemma 2.2. Let 0 < α <∞, 0 < β <∞ and s−1 = α−1+β−1. If f and g are measurable
functions on Rn, then
‖fg‖s,Ω  ‖f ‖α,Ω‖g‖β,Ω
for any Ω ⊂Rn.
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Lemma 2.3. Let u be a differential form satisfying (1.3) in a domain Ω , ρ > 1 and 0 < s,
t <∞. Then there exists a constant C, independent of u, such that
‖u‖s,B  C|B|(t−s)/st‖u‖t,ρB (2.2)
for all balls or cubes B with ρB ⊂Ω .
In 1999, Nolder proves the following Caccioppoli inequality for differential forms
in [12].
Theorem A. Let u ∈ D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n and σ > 1. Let 1 < s <∞. Then there
exists a constant C, independent of u, such that
‖du‖s,B  C diam(B)−1‖u− c‖s,σB
for all balls B with σB ⊂Ω and all closed forms c.
In 2001, Ding generalizes Theorem A into the following weighted version, Theorem B,
in [6].
Theorem B. Let u ∈ D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n and ρ > 1. Assume that w ∈ Aλr (Ω) for
some r > 1 and λ > 1. If 1 < s <∞ is a fixed exponent associated with the A-harmonic
equation (1.3), then there exists a constant C, independent of u, such that(∫
B
|du|sw1/λ dx
)1/s
 C diam(B)−1
( ∫
ρB
|u− c|sw dx
)1/s
for all balls B with ρB ⊂Ω and all closed forms c.
Now, we extend Theorem B into the following parametric version with the Aλr (Ω)-
weights.
Theorem 2.4. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n and ρ > 1. Assume that w ∈ Aλr (Ω) for
some r > 1 and λ > 0. If 1 < s <∞ is a fixed exponent associated with the A-harmonic
equation (1.3), then there exists a constant C, independent of u, such that(∫
B
|du|swβ dx
)1/s
 C diam(B)−1
( ∫
ρB
|u− c|swβλ dx
)1/s
(2.3)
for all balls B with ρB ⊂Ω and all closed forms c. Here β is real number with 0 < β < 1.
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‖du‖s,B,wβ  C diam(B)−1‖u− c‖s,ρB,wβλ.
Proof. Choose t = s/(1− β). From Lemma 2.2 and Theorem A, we have(∫
B
|du|swβ dx
)1/s
=
(∫
B
(|du|wβ/s)s dx
)1/s

(∫
B
|du|t dx
)1/t(∫
B
wβt/(t−s) dx
)(t−s)/st
= ‖du‖t,B
(∫
B
wdx
)β/s
C1 diam(B)−1‖u− c‖t,σB
(∫
B
wdx
)β/s
. (2.4)
Next, setting
m= s
1+ βλ(r − 1) ,
we know that m< s < t . Using Lemma 2.3 yields
‖u− c‖t,σB  C2|B|(m−t )/mt‖u− c‖m,ρB, (2.5)
where ρ = σ 2. Substituting (2.5) into (2.4) we find that(∫
B
|du|swβ dx
)1/s
 C3 diam(B)−1|B|(m−t )/mt‖u− c‖m,ρB
(∫
B
w dx
)β/s
.
(2.6)
Now using Hölder inequality with 1/m= 1/s + (s −m)/ms, we obtain
‖u− c‖m,ρB =
( ∫
ρB
(|u− c|wβλ/sw−βλ/s)m dx
)1/m

( ∫
ρB
|u− c|swβλ dx
)1/s( ∫
ρB
(
1
w
)βλm/(s−m)
dx
)(s−m)/ms

( ∫
ρB
|u− c|swβλ dx
)1/s( ∫
ρB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s
(2.7)
for all balls B with ρB ⊂Ω and all closed forms c. Combining (2.6) and (2.7), we obtain
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B
|du|swβ dx
)1/s
 C3 diam(B)−1|B|(m−t )/mt
(∫
B
wdx
)β/s
×
( ∫
ρB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s( ∫
ρB
|u− c|swβλ dx
)1/s
.
(2.8)
Next, using the condition w ∈Aλr (Ω), we have
(∫
B
wdx
)β/s( ∫
ρB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s

(( ∫
ρB
w dx
)( ∫
ρB
(
1
w
)1/(r−1)
dx
)λ(r−1))β/s
 |ρB|βλ(r−1)/s+β/s
((
1
|ρB|
∫
B
wdx
)(
1
|ρB|
∫
ρB
(
1
w
)1/(r−1)
dx
)λ(r−1))β/s
 C4|ρB|βλ(r−1)/s+β/s = C5|B|βλ(r−1)/s+β/s. (2.9)
Finally, substituting (2.9) into (2.8) and noting that
m− t
mt
= 1
t
− 1
m
= 1− β
s
− 1+ βλ(r − 1)
s
,
we obtain(∫
B
|du|swβ dx
)1/s
 C diam(B)−1
( ∫
ρB
|u− c|swβλ dx
)1/s
.
This ends the proof of Theorem 2.4. ✷
Note that inequality (2.3) in Theorem 2.4 contains two parameters β and λ. Thus, we
obtain different versions of the Caccioppoli inequality by choosing β and λ to be different
values. For example, setting β = 1/λ in (2.3), we obtain Theorem B. It is clear that if we
put w(x)= 1 in Theorem 2.4, we have Theorem A. Choosing β = 1/r in Theorem 2.4, we
have the following result.
Corollary 2.5. Let u ∈D′(Ω,∧l), l = 0,1, . . . , n, be a differential form satisfying the A-
harmonic equation (1.3) in a domain Ω ⊂Rn and ρ > 1. Assume that 1 < s <∞ is a fixed
exponent associated with the A-harmonic equation and w ∈ Aλr (Ω) for some r > 1 and
λ > 0. Then there exists a constant C, independent of u, such that
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B
|du|sw1/r dx
)1/s
 C
diam(B)
( ∫
ρB
|u− c|swλ/r dx
)1/s
(2.10)
for all balls B with ρB ⊂Ω and all closed forms c.
If we choose β = 1/s in Theorem 2.4, then 0 < β < 1 since 1 < s <∞. Thus, Theo-
rem 2.4 reduces to the following symmetric version.
Corollary 2.6. Let u ∈D′(Ω,∧l), l = 0,1, . . . , n, be a differential form satisfying the A-
harmonic equation (1.3) in a domain Ω ⊂Rn and ρ > 1. Assume that 1 < s <∞ is a fixed
exponent associated with the A-harmonic equation and w ∈ Aλr (Ω) for some r > 1 and
λ > 0. Then there exists a constant C, independent of u, such that(∫
B
|du|sw1/s dx
)1/s
 C
diam(B)
( ∫
ρB
|u− c|swλ/s dx
)1/s
(2.11)
for all balls B with ρB ⊂Ω and all closed forms c.
Selecting λ= s in Corollary 2.6, we have the following result.
Corollary 2.7. Let u ∈D′(Ω,∧l), l = 0,1, . . . , n, be a differential form satisfying the A-
harmonic equation (1.3) in a domain Ω ⊂Rn and ρ > 1. Assume that 1 < s <∞ is a fixed
exponent associated with the A-harmonic equation and w ∈ Asr(Ω) for some r > 1. Then
there exists a constant C, independent of u, such that(∫
B
|du|sw1/s dx
)1/s
 C
diam(B)
( ∫
ρB
|u− c|sw dx
)1/s
(2.12)
for all balls B with ρB ⊂Ω and all closed forms c.
Note that (2.12) can be written as
‖du‖s,B,w1/s  C diam(B)−1‖u− c‖s,ρB,w. (2.13)
Remark. We may have some other versions of the Caccioppoli inequality if we make
different choices for β and λ in Theorem 2.4.
3. Aλr (Ω)-weighted reverse Hölder inequalities
Different versions of the reverse Hölder inequalities have been established for different
classes of functions, such as eigenfunctions of linear second-order elliptic operators [2],
functions with discrete-time variable [9], continuous exponential martingales [10], etc. In
recent years, some versions of the weak reverse Hölder inequality for differential forms
have also been found, see [1,6,11,12], etc.
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ity in [6].
Theorem C. Let u ∈ D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < s, t <∞, σ > 1. If w ∈
Aαr (Ω) for some r > 1 and α > 1, then there exists a constant C, independent of u, such
that (∫
B
|u|sw1/α dx
)1/s
 C|B|(t−s)/st
( ∫
σB
|u|twt/s dx
)1/t
for all balls B with σB ⊂Ω .
Now, we extend the above inequality into parametric versions. Our main result in
this section is Theorem 3.1, the Aλr (Ω)-weighted weak reverse Hölder inequality for
differential forms.
Theorem 3.1. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < s, t <∞, σ > 1. If w ∈
Aλr (Ω) for some r > 1 and λ > 0, then there exists a constant C, independent of u, such
that (∫
B
|u|swβ dx
)1/s
 C|B|(t−s)/st
( ∫
σB
|u|twβλt/s dx
)1/t
(3.1)
for all balls B with σB ⊂Ω and any real number β with 0< β < 1.
Note that (3.1) can be written as the following symmetric version:(
1
|B|
∫
B
|u|swβ dx
)1/s
 C
(
1
|B|
∫
σB
|u|twβλt/s dx
)1/t
, (3.2)
or
‖u‖s,B,wβ C|B|(t−s)/st‖u‖t,σB,wβλt/s . (3.2′)
The proof of Theorem 3.1 is similar to that of Theorem 2.4. For completion of the paper,
we still give the proof as follows.
Proof. Choose k = s/(1− β), then s < k and 1/s = 1/k+ (k− s)/ks. Using Lemma 2.2,
we obtain(∫
B
|u|swβ dx
)1/s
=
(∫
B
(|u|wβ/s)s dx
)1/s

(∫
|u|k dx
)1/k(∫
wkβ/(k−s) dx
)(k−s)/ksB B
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(∫
B
wdx
)β/s
(3.3)
for all balls B with σB ⊂Ω . Next, choose m = st/(s + βλt (r − 1)), then m< t . Using
Lemma 2.3, we obtain
‖u‖k,B  C1|B|(m−k)/km‖u‖m,σB. (3.4)
Since 1/m= 1/t + (t −m)/mt , by Lemma 2.2 again, we have
‖u‖m,σB =
( ∫
σB
(|u|wβλ/sw−βλ/s)m dx
)1/m

( ∫
σB
|u|twβλt/s dx
)1/t( ∫
σB
(
1
w
)βλmt/s(t−m)
dx
)(t−m)/mt
=
( ∫
σB
|u|twβλt/s dx
)1/t( ∫
σB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s
. (3.5)
Combining (3.3)–(3.5), we arrive at the following estimate:(∫
B
|u|swβ dx
)1/s
C1|B|(m−k)/km
(∫
B
wdx
)β/s( ∫
σB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s
×
( ∫
σB
|u|twβλt/s dx
)1/t
. (3.6)
Since w ∈Aλr (Ω), we find that(∫
B
wdx
)β/s( ∫
σB
(
1
w
)1/(r−1)
dx
)βλ(r−1)/s

(( ∫
σB
w dx
)( ∫
σB
(
1
w
)1/(r−1)
dx
)λ(r−1))β/s

(
|σB|λ(r−1)+1
(
1
|σB|
∫
B
wdx
)(
1
|σB|
∫
σB
(
1
w
)1/(r−1)
dx
)λ(r−1))β/s
 C2|σB|β(λ(r−1)+1)/s = C3|B|βλ(r−1)/s+β/s. (3.7)
Finally, substituting (3.7) into (3.6) and using
m− k = 1 − 1 = 1− α − 1 − βλ(r − 1) ,
km k m s t s
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B
|u|swβ dx
)1/s
 C|B|(t−s)/st
( ∫
σB
|u|twβλt/s dx
)1/t
.
The proof of Theorem 3.1 has been completed. ✷
It is clear that Theorem C is a very special case of Theorem 3.1. In fact, if we choose
λ= α and β = 1/α in Theorem 3.1, then we obtain Theorem C.
If we choose β = 1/p, where p > 1 is a real number, in Theorem 3.1, then inequal-
ity (3.1) reduces to(∫
B
|u|sw1/p dx
)1/s
 C|B|(t−s)/st
( ∫
σB
|u|twλt/ps dx
)1/t
. (3.8)
Setting β = s/(s + t) in Theorem 3.1, we have the following symmetric inequality:(
1
|B|
∫
B
|u|sws/(s+t ) dx
)1/s
 C
(
1
|B|
∫
σB
|u|twλt/(s+t ) dx
)1/t
. (3.9)
Choosing λ= 1 in (3.9), we have the following version of weak reverse Hölder inequality.
Corollary 3.2. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < s, t <∞, σ > 1. If w ∈
Ar(Ω) for some r > 1, then there exists a constant C, independent of u, such that(
1
|B|
∫
B
|u|sws/(s+t ) dx
)1/s
 C
(
1
|B|
∫
σB
|u|twt/(s+t ) dx
)1/t
for all balls B with σB ⊂Ω .
Selecting β = 1/λ with λ > 1 in Theorem 3.1, we have the following results.
Corollary 3.3. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < s, t <∞, σ > 1. If w ∈
Aλr (Ω) for some r > 1 and λ > 1, then there exists a constant C, independent of u, such
that (
1
|B|
∫
B
|u|sw1/λ dx
)1/s
 C
(
1
|B|
∫
σB
|u|twt/s dx
)1/t
for all balls B with σB ⊂Ω .
Assume that β = s with 0 < s < 1 in Theorem 3.1, we have the following inequality.
360 X. Yuming / J. Math. Anal. Appl. 279 (2003) 350–363Corollary 3.4. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < t <∞, σ > 1, and
0 < s < 1. If w ∈ Aλr (Ω) for some r > 1 and λ > 0, then there exists a constant C,
independent of u, such that(
1
|B|
∫
B
|u|swsdx
)1/s
 C
(
1
|B|
∫
σB
|u|twλt dx
)1/t
for all balls B with σB ⊂Ω .
Let λ= 1 in Corollary 3.4; then we have the following symmetric inequality.
Corollary 3.5. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂ Rn, l = 0,1, . . . , n. Suppose that 0 < t <∞, σ > 1, and
0 < s < 1. If w ∈Ar(Ω) for some r > 1, then there exists a constant C, independent of u,
such that(
1
|B|
∫
B
|u|sws dx
)1/s
 C
(
1
|B|
∫
σB
|u|twt dx
)1/t
(3.10)
for all balls B with σB ⊂Ω .
Assuming that t > 1 in Theorem 3.1 and letting β = 1/t in (3.1), we have Corollary 3.6.
Corollary 3.6. Let u ∈D′(Ω,∧l) be a differential form satisfying the A-harmonic equa-
tion (1.3) in a domain Ω ⊂Rn, l = 0,1, . . . , n. Suppose that 0 < s <∞, σ > 1, and t > 1.
If w ∈Aλr (Ω) for some r > 1 and λ > 0, then there exists a constant C, independent of u,
such that(
1
|B|
∫
B
|u|sw1/t dx
)1/s
 C
(
1
|B|
∫
σB
|u|twλ/s dx
)1/t
(3.11)
for all balls B with σB ⊂Ω .
Choosing λ= 1 in Corollary 3.6, then inequality (3.11) reduces to(
1
|B|
∫
B
|u|sw1/t dx
)1/s
 C
(
1
|B|
∫
σB
|u|tw1/s dx
)1/t
(3.12)
or
‖u‖s,B,w1/t  C|B|(t−s)/st‖u‖t,σB,w1/s (3.12′)
which has a nice symmetric property. Fore more versions of the inequalities, the readers
can make their own choices for β and λ.
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We need the following properties of the Whitney covers appearing in [12] to prove the
global result.
Lemma 4.1. Each Ω has a modified Whitney cover of cubes V = {Qi} such that⋃
i
Qi =Ω,
∑
Q∈V
χ√5/4Q(x)NχΩ(x)
for all x ∈Rn and some N > 1, where χE is the characteristic function for a set E. More-
over, if Qi ∩Qj = φ, then there exists a cube R (this cube does not need to be a member
of V) in Qi ∩ Qj such that Qi ∪ Qj ⊂ NR. Also, if Ω is δ-John, then there is a dis-
tinguished cube Q0 ∈ V which can be connected with every cube Q ∈ V by a chain of
cubes Q0,Q1, . . . ,Qk =Q from V and such that Q ⊂ ρQi, i = 0,1,2, . . . , k, for some
ρ = ρ(n, δ).
Now, we prove the following global Aλr (Ω)-weighted Caccioppoli inequality for differ-
ential forms.
Theorem 4.2. Let u ∈D′(Ω,∧l), l = 0,1, . . . , n, be a differential form satisfying the A-
harmonic equation (1.3) in a bounded domain Ω ⊂ Rn which has a finite open cover
V = {B1,B2, . . . ,Bm}, where Bi is an open ball, i = 1,2, . . . ,m. Assume that 1 < s <∞
is a fixed exponent associated with the A-harmonic equation, w ∈ Aλr (
⋃m
i Bi) for some
r > 1 and λ > 0. Then there exists a constant C, independent of u, such that(∫
Ω
|du|swβ dx
)1/s
 C
diam(Ω)
(∫
Ω
|u− c|swβλ dx
)1/s
(4.1)
for all closed forms c and any constant β with 0 < β < 1.
Proof. Let V = {B1,B2, . . . ,Bm} be an open cover of the bounded domain Ω ⊂ Rn and
di = diam(Bi) > 0, i = 1,2, . . . ,m. Assume that d = min{d1, d2, . . . , dm}. Since Ω is
bounded, there exists a constant C1 such that
1
d
 C1
diam(Ω)
. (4.2)
Using (4.2), (2.3), and Lemma 4.1, we have(∫
Ω
|du|swβ dx
)1/s

∑
B∈V
(∫
B
|du|swβ dx
)1/s

∑
B∈V
C2
diam(B)
( ∫
|u− c|swβλ dx
)1/s
ρB
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∑
B∈V
C2
d
( ∫
ρB
|u− c|swβλ dx
)1/s

∑
B∈V
C3
diam(Ω)
(∫
Ω
|u− c|swβλ dx
)1/s
 C4
diam(Ω)
(∫
Ω
|u− c|swβλ dx
)1/s
.
Hence, (4.1) follows. The proof of Theorem 4.2 has been completed. ✷
Applying Theorem 3.1 and Lemma 4.1, we can also prove the following global result.
Theorem 4.3. Let u ∈D′(Ω,∧l), l = 0,1, . . . , n, be a differential form satisfying the A-
harmonic equation (1.3) in a domain Ω ⊂Rn with |Ω |<∞. Assume that 0 < s  t <∞
and w ∈Aλr (Ω) for some r > 1 and λ > 0. Then(
1
|Ω |
∫
Ω
|u|swβ dx
)1/s

(
C
|Ω |
∫
Ω
|u|twβλt/s dx
)1/t
(4.3)
for any real number β with 0 < β < 1.
Remark. We may choose parameters β and λ to be different values in Theorems 4.2
and 4.3 to get the required global versions of the weighted integral inequalities.
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